We consider some hypergeometric functions and prove that they are elementary functions. Consequently, the second order moments of Meyer-König and Zeller type operators are elementary functions. The higher order moments of these operators are expressed in terms of elementary functions and polylogarithms.
Introduction
In [3] Here e r (t) := t r , t ∈ [0, 1], r ≥ 0, and 2 F 1 (a, b; c; x) denotes the hypergeometric function. A closed form of M n (e 2 ; x), showing that it is an elementary function, was given in [12] . It is said in [12, p.2] : " The opinion that the second-order moment of the celebrated Meyer-König and Zeller operators is a non-elementary function was tacitly accepted since 1960." The same opinion was firmly expressed in [11, Sect. 2] . This is surprising, because it is elementary to prove that 2 F 1 (1, 2; n + 2; x) is elementary: such proofs will be given in the next sections. Alternatively, we can use 2 F 1 (1, 2; 3; x) = −2x −2 (x + log(1 − x)), (1.2) and [10, 2.8(24)]:
where (r) m := r(r + 1) . . . (r + m − 1), m ≥ 1, and (r) 0 := 1.
corresponding author
They lead to 4) which is obviously an elementary function. Thus M n (e 2 ; x) given by (1.1) is elementary.
On the other hand, [7, (32) ] provides a closed form of the (elementary) hypergeometric function 2 F 1 (1, m; m + 2k + 1; x), where m ≥ 1 and k ≥ 0 are integers. In Section 2 we consider the more general function 2 F 1 (m, n; p; x) with m, p positive integers, p ≥ m + 1, and n ∈ R. We present a closed form of this function, showing that it is elementary. A general formula for 2 F 1 (a, b; a + b + l; x) can be found in [10, 2.3(2) ], but for arbitrary parameters it is not always an elementary function. Generalizing [7, (32) ], we give in Section 3 two closed forms for the elementary function 2 F 1 (1, m; m + l + 1; x) with m ≥ 1, l ≥ 0 integers. Three closed forms for 2 F 1 (1, 2; n + 2; x) are presented in Section 4. Using a result of [2] we give in Section 5 another proof that the second MKZ moment is elementary. The same result of [2] is instrumental in Section 6, where we show that the higher order MKZ moments can be expressed as finite sums of functions, but containing polylogarithms. In the final section we consider two modifications of the MKZ operators and show that their second order moments are elementary functions; here we use Theorem 2.1 and the fact that 2 F 1 (1, 3; n + 3; x) is elementary.
Let us mention that the moments of the MKZ operators are involved in studying the asymptotic behavior of the iterates of these operators. For a qualitative result, see [11] . Generalized qualitative and quantitative results can be found in [15 2. The function 2 F 1 (m, n; p; x) Theorem 2.1. Let m, p be positive integers, p ≥ m + 1, and n ∈ R. Then
Consequently, 2 F 1 (m, n; p; x) is an elementary function.
Proof. According to the definition,
This implies
For the function x p−1 2 F 1 (m, n; p; x), the Taylor polynomial of degree p − 2 ≥ p − 1 − m at 0 vanishes, and so
Now use the binomial formula for (x − t) p−m−1 and set s := 1 − t in order to verify that the last integral equals
This concludes the proof of (2.1).
For m = 1, Theorem 2.1 yields Corollary 2.1. Let p ≥ 2 be an integer, and n ∈ R. Then
Proof. Setting m = 1 in (2.1), we get
3. The function 2 F 1 (1, m; m + l + 1; x) Theorem 3.1. Let m ≥ 1 and l ≥ 0 be integers. Then
and also
Proof. (3.1) is a consequence of (2.3). To prove (3.2), let us replace in (2.2) m by 1, n by m, an p by m + l + 1; thus we have
It follows that
where Q l is a polynomial of degree less or equal to l. The right hand side should be divisible by x m+l , hence Q l (x) is the Taylor polynomial of degree l, at 0, for the function (−1)
. It is not difficult to obtain
Putting all things together we get (3.2).
Remark 3.1. Equations (3.1) and (3.2) extend Eq. (32) in [7] .
The function
For this function, which is involved in the representation (1.1), we have three explicit expressions:
Theorem 4.1. Let n ≥ 1 be an integer.Then
Proof. (4.1) can be obtained if we continue the calculation in (1.4) . (4.2) is a consequence of (3.1), and (4.3) is obtained from (3.2).
The second MKZ moment is elementary: another proof
From [2, (6) and (7)] we know that
On the other hand,
where
and so
We have f n,0 (x) = 1 (1 − x) n+1 , and (5.4) yields
From (5.4) and (5.5) it is easy to obtain
Now (5.1), (5.5) and (5.6) show that M n e 2 (x) is an elementary function.
Higher order moments of the MKZ operators
We recall the definition (see [14] ) of the dilogarithm 1) and the polylogarithm of order n,
Using (5.4) and (5.6) we get
so that finally,
Theorem 6.1. Let n ≥ 2. For each j ≥ 2, the functions x n f n,j (x) are linear combinations, with constant coefficients, of n functions as follows: 1) For 2 ≤ j ≤ n:
2) For j = n + 1:
3) For j ≥ n + 2:
Proof. We use induction on j. The first step, involving j = 2, j = 3, is accomplished by using (5.6) and (6.3) . Then the induction is continued with the recurrence relation (5.4) and (6.1), (6.2).
Remark 6.1. Using (5.1) and Theorem 6.1 we get information about the structure of the moments M n e r . In particular, we see once more that M n e 2 is elementary. The higher order moments contain polylogarithms. The operators L n were investigated in [9] ; they coincide with the operators M n,2 from [13] ; details can be found in [8] .
It was proved in [9] (see also [8, p. 123] ) that L n (e 2 ; x) = x 2 + 2x(1 − x) 2 n + 2 2 F 1 (1, 3; n + 3; x). Now it is easy to recover (7.3) and to see that M α,β n,α+1 e 2 is an elementary function.
